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These  notes  ere  besed  on  six  lectures  given  in  the  Depertmsnt  of 
MethemetleS}  North  Ceroline  State  College,  Raleigh,  the  finel  ca!P7  being 
prepared  with  the  aselstanoe  of  Dr.  M.  Lowengrub.  Their  function  is 
purely  expoeitoryt  they  contain  little  that  is  new  but  it  was  thought 
to  be  worthMhile  to  oast  the  material  of  Erdelyl  and  Sneddon  (1962)  into 
a  form  in  idiich  it  could  be  lulled  immediately  to  some  of  the  dual 
Integral  equations  arising  in  mathematical  physics.  This  is  aohleved 
by  a  trivial  alteration  in  the  definitions  of  the  Erdelyl -Kober  operators 
(cf.  equations  (3.1)  and  (3*2)  below)  and  the  modified  operator  of  Henkel 
transforms. 

The  plan  of  the  lectures  is  straightforward.  First  of  all  an  account 
is  given  of  the  "classical"  firactional  integrals  of  Riemann-Iiouvllle  and 
Weyl  ( %2)  and  then  of  the  closely  related  Erdelyl -Kober  operators.  One 
of  the  disadvantages  of  the  form  of  definition  of  these  operators  adopted 
here  is  that  irtiereas  in  the  papers  of  Erdelyl  and  Kober  certain  formulae 
Involved  the  slnqjle  differential  operator  D  >  d/dx,  the  analogous  formulae 
here  involve  the  more  cumberson  operator  tO^  ■■  ^  The  central  part  of 

the  method  is  contained  in  §  U  irtiere  we  derive  relations  connecting  the 
Erdelyi-Kober  operators  with  the  modified  operator  of  Hankel  transforms. 
These  relations  are  used  extensively  in  applications  so  we  have  collected 
them  together  in  Table  I  at  the  end.  In  the  next  section  ( S  5)  we  intro~ 
dues  two  operators  ^  (defined  by  equations  (5.1)  and  (5.2) 

respectively)  and  derive  two  of  their  properties;  since  these  properties 
depend  on  results  in  the  theory  of  Bessel  functions  due  to  Sonine,  we  have 
called  them  Sonine  operators,  although  their  use  was  suggested  by  a  recent 
paper  of  Peters. 

The  remaining  sections  are  concerned  with  applications.  In  §  6  we 
consider  the  type  of  pair  of  dual  integral  equations  which  arise  in  the 
analysis  of  mixed  boundary  value  problems  of  potential  theory  concerning 
a  half-space.  In  §  7  we  consider  the  type  arising  in  some  problems  of 
difffactlon  theory,  and,  finally  in  f  8,  the  more  ccaiplicated  type  such 
as  those  arising  in  the  solution  of  mixed  boundary  values  of  potential 
theory  relating  to  a  thick  plate. 


Ih  darlTlng  ths  ba«io  remits  it  Is  nceessary  first  to  oonslder  sosw 
slnple  integrals.  In  order  not  to  oosgplloate  the  later  proofs  we  dlsouss 
these  integrals  now*  The  first  one  is 

2  f  (x»  -  -  T»)^  u^"2®^Pdu  -  T“2<^-2P(xa- 

^  (1.1) 

in  which 

0<T<x,  Re  a>0.  Re  p>0. 

The  proof  is  slnple  t  If  we  change  tne  variable  of  integration  from  u  to 
a  iriiere 


U*  T* 


,  X*  -  T*  _ 

1  «a  2 


we  find  that  the  integral  is  transfomed  to 
y»  flh-l 


)  (1 .  ,)»-i 

I  X®  V* 


Jo  V® 


firam  which  the  result  follows  inmediatel7. 

Similarly,  if  v  >x  >0,  Re  o>  0,  Re  p  >0,  we  have  that 

2  £  (u»-  x®)®-^(v»-  udu  -  (v®-  x»)®^P-^  ,  (1.2) 


a  result  which  is  easily  est^UJhed  by  changing  the  variable  of  integra¬ 
tion  firom  u  to  ^  where 

u®  -  X*  +  (v^-  x®)z. 

Ve  also  require  som  results  firon  the  theory  of  Bessel  functions. 

As  a  special  case  of  the  Weber-SohafbheltUn  integral  (Vfatson,  1^,  p.  396) 
we  have  that  if  a  ■*'  p  >0 

r  f  o2»|+o(l-p*)“*P"^ 

^  0,  p>l. 

Making  the  svdsstltutlons  v  ■  1^,  p  ■  u/ic  we  see  that  this  result  oan  be 
written  in  the  equivalent  fomt 

(a.3) 


irtMre  H  danotos  Haavlaids's  vtlt  fimotion. 

A  wall-knoMR  raoolt  in  tha  thaor^  of  Baaaal  fttwiiona  la  Sonina* a 
lirat  intagral 


"  g''  p  (V 


ri** 

-Jo  V* 


aln  0)ain^^  0  coa®”-^  0  d». 


>♦1 


(Wataon,  P«373)*  If  wa  make  the  aubatltutiona  t  •  yx,  sin  0  ■  u/x 

we  find  that  we  can  write  this  reaolt  in  the  form 

u‘**^(x*-  VL*y*  J  (wy)du  ■  (v  ♦  (*y) 


L 


H'”*" — -  •>  •  »'  ■'  H4V*1' 

Sonlne'a  aecond  integral  atates  that  If  Rev >  Re  |i  >  ■*!, 

(t«*  Jj*t)J^[  a  »*)]  dt 


(1.5) 


-  a-W'^*l(a*-  ^  ^^{ay  (a»-  x»)jH(.H*), 

(Wataon,  19Ui,  p.  Ul5).  The  auhatltutlone  t  -  y  (t*-  a*),  ^  -V-r-l 
transform  this  equation  to 

(T>-  -^t-''*\_^_^[xy(T»-  a»)j  J^(*t)d'f 

^a“**(a»-  x*)***  [ .  y  (n»-  x»)]  H(a  -  x),  (1.6) 


-  a-V^^ 


provided  Rev  >  Re  r>-l.  If  we  now  divide  both  sides  of  this  equation 
by  and  lot  x  tend  to  zero,  we  find  that 


f 


(t=-  z»)'’*^^t^*^  J^(aT)dT  -  2'^r(v  -  r)a^a‘^  J^(aa).  (1.7) 

provided  that  Rea>0,  Rev>Ro£>Re(Jv-^), 

If  we  apply  Hankel’s  inversion  theorem  to  equation  (1.5)  we  obtain 
the  equation 

x»^^(a*-  x«)i''  -  ~  i  {a  y(a»-  x*)j  yxt)dx 


t 


«8)J  ^  (ito»>ito£>-l).  (1.8) 


w  •• 

Rsplaoliif  I  tijr  Ik  «•  cfctain  ths  •qaation 

r  ■  *“  *  *  ^  ^  (k  V(»*-  X*)]  J|^Crt)dx 

-  a*  k’-^  k*)-i*  J,  ^a  At*-  k*)J  . 

with  the  sane  reetrlctione  on  v  and  |i. 


(1.9) 


If  the  function  f(x)  la  integrable  In  any  Interval  (0,  a),  idiere 
a  >  0,  m  define  the  flrat  integral  F^(x)  of  f(x)  hy  the  formula 


-C 


f(t)dt. 


(2.1) 


and  the  eubeeqaent  Integrals  by  the  reciirsion  formula 


P_(t)dt 


where  r  is  a  positive  integer.  These  integrals  ten  such  that 


Pj.(0)  -  0 


and  have  the  property 


Now  if  we  consider  the  Integral 


(x  -  t)f(t)dt 


(2.2) 


(r  “  1>  2f  ...)f  (2.3) 


(r  -  1,  2,  ...).  (2.U) 


we  find,  on  integrating  by  parts,  that  it  is  equal  to 

(Pj^(t)(t  -  x)]^  ♦  J'  Pj^(t)dt  -  P2(x), 

and  similarly  that 


(x  -  t)*f(t)dt  -7  lF-.(t)(x  -  t)*]  ♦  lP«(t)(x  -  t)]  ♦!  Fj,(t)dt 

0  ^  0  ^  0  Jo  ^ 


F,(x). 


5 


Tbis  l««da  w  to  ■poeolato  that 

F^+lC*)  "  a  “  t)"f (t)dt,  (2.5) 

a  NSBlt  whloh  la  aailly  prorad  by  Indootlon. 

•  Similarly  ma  oould  daHna  an  iiidafinlta  Integral  F^(x)  of  f(x}  by 
the  fomala 

F^(x)  -  -  I  f(t)dt  (2.6) 

J  X 

and  the  higher  order  Integrals  of  the  sane  family  by  the  recursion  fomala 

F^3^(x)  -  -  J  F^(t)dt  (2.7) 

These  Integrals  also  hare  the  properties  (2.3)  and  (2Ji).  It  Is  easily 
proved  (again  by  Induotion)  that 

F*^l(x)-i,J^  (t.x)“f(t)dt  (2.8) 

provided  that  f (x)  is  of  such  a  nature  that  the  integral  exists. 


2.2  The  Rjenann-Idoaville  ft»aetlopal  Integral. 

The  Rienann-Licwnrllle  ft>aotional  Integral  is  a  generallaation  of 
the  integral  on  the  right-hand  side  of  equation  (2.5).  The  integral 


(2.9) 


Is  convergent  for  a  wide  class  of  functions  f(t)  if  Ss  £  >  0.  The  upper 
limit  of  integration  x  may  be  real  or  eon^lexi  in  the  latter  ease  the 
path  of  integration  is  the  straight  segmsnt  t  ■  xe,  0  S  s  -  1.  The 
Integral  mduces  to  the  integral  in  (2.5)  in  the  case  where  £  n  1 

a  positive  integer  so  that  when  £  is  a  positive  integer,  the  integral 
(2.9)  ie  a  repeated  indefinite  integral.  It  is  called  the  Rjemann- 


liouvllle  fractional  integral  of  order  a. 


We  shall  denote  it  by  the 


sTndsol 


(2.10) 


LatecnAi  of  thlo  kljad  oooor  in  tho  solstien  of  ordinary  linoar 
dlffarantial  aquatlona  tef«  laoo  (1927)*  P*  191  at  aao.]  afaore  thoy  ara 
eallad  lolar  tranaforma  of  tha  ffi**"* 

Thara  ara  altaxnatiYo  notationa  for  6^^  {f(t)|  x|  sooh  as 
vaad  by  Mareal  Rlaai  (19U9)  and  I^f  (x)  used  by  ottaar  nrltars.  Hardy 
nd  Idttlawood  (1928)  eontidar  tha  firaetlcnal  integral 

f^(n)  -  J  f(t)(x  -  t)*’^dt,  (0^  a  <  1) 

Lora  and  Tonng  (1938)  oonsider  the  Integral 

fa(a,x)  f(t)(x  -  t)“"^dt, 

in  irtiioh  a  -  X  ^  b,  f(x)  being  integrable  in  (a,  b),  and  Re  a  >  0. 

^ygnund  (1959)  dlsonaaas  the  sane  integral  but  denotes  it  by  9|j(x). 

It  Is  easily  seen  that 

"  ®a  ‘5  • 

The  only  extensive  table  of  Riemann-Lioavllle  fTacticnal  integrals 
to  be  published  is  that  Included  in  vol.  II  of  Erdelyi  (l9S3i)(pp>  165^00). 

It  is  of  interest  to  note  the  oonnection  of  fraotiGnal  integrals  with 
other  Integral  transforms.  If  we  denote  the  Laplace  transform  of  a 
function  (p(t)  by  «)&^a(t)|  p]  ,  then 

■  pw[o  f(T)(t  -T)®*^dT 

which  becomesy  as  a  result  of  an  interchange,  in  the  orders  of  the  Inte- 
gratlons 

Jo  J<5  a'^dt  -  p"® 

iron  which  It  follows  that 

•  p"“oC  {f(t)ip]  .  (2.11) 

If  we  let  o -a  0  we  find  that  ^  {^^(^)ipj  auggesting 

that  we  adopt  tha  convention 


(2.12) 


SlxUarlJi  If  M  d«ofU  th«  MalliA  transfom  of  a  fonotlcn  <p(t)  by 
Wli  »(t)ia}  ,  than  ^  ^ 

^^{^j,(flt)|a)  /q  t*^dt  Jq  (t  “  •d^^f(x)dx 


from  iihloh  WB  deduce  that 


W.{|Ea(f|t)j8  }  -  -^fjxES^  Hi  ♦  ® )  • 


(2.13) 


The  relation  (2^11)  oan  be  used  to  derive  the  aolution  of  Abel's 
Integral  equation  ^ 

f  (x  -  t)“®  f(t)dt  -  g(x)  (2,U) 

'^0 

Icf.  Doetach,  (1937)*  P*  293*  nt  aeq. ]  If  wa  take  the  Laplace  transfom 
of  both  aides  of  this  equation  we  obtain  the  relation 

r  (1-  o)jC#{>il^(f|x)|p  }-  i(p) 

where  g(p)  denotes  ^{g(x)}p}  .  Kaklng  use  of  the  result  (2.11)  we  see 
that  the  Laplace  transfom  of  f(x)  is  given  by  the  equation 

"  ■HI=oT 

which  shows  that  f(x)  ■  F'(x)  where 

"  TCf<^) 

Using  (2.11)  again  with  the  relation  of  r(a)  F  (1-a)  ir/sin(tra)  we  find 

'<*>  ■  -hktmT  4 

so  that  the  solution  of  the  integral  equation  (2«ll()  is 


(2.15) 


By  a  sljnple  ohange  of  variable  we  oan  write  this  result  In  the 
fomi  The  solution  of  the  Integral  equation 


Is 


r(x).r  -liSJSS-, 
'S  (x*-^*)** 

C 


0<  tK'l, 


g(x)  -  ir 


(2.16a) 


(2.16b) 


lifi  shall  also  aaka  use  of  the  fact  that  the  solution  of  the  integral 
equation 


f(x) 


Jx  (f-x*)**' 


0  <'  ti  <'  1, 


(2.17a) 


Is 


,W  .  .ifiaSail  4 .  0<.  <1. 


2.3.  Tha  Wsyl  Firacticnal  Ihtaaral. 

The  Weyl  firaotlonal  integral  le  a  generalisation  of  the  integral  on 
the  rlght«4xand  side  of  equation  (2.8).  The  Weyl  fraoticnal  Integral  of 
order  a  is  defined  b7  the  equation 

{f(t)|xj  f(t)(W)“-^dt.  (2.18) 

In  general  x  and  a  are  complex,  the  path  of  integration  being  one  of  the 
rajrs  t  ■  xs,  s>0ort*x4-8,  b  ^0.  Vhen  they  occur  in  the  theory 
of  linear  ordinary  differential  equations,  firaotlonal  integrals  of  this 
kind  are  called  Euler  traneforne  of  the  second  kind, 

A  ft'aotlonal  Integral  closely  related  to  Veyl's  has  been  introduced 
by  Love  and  Toung  (1938)  idio  consider  the  Integral 

f^(x,b)  **  ^'(tt)  j*  f(t)(t««)®"^dt}  (2.19) 

this  integral  is  scmetinss  also  denoted  by  I°f.  Its  relation  to  the 
Weyl  lk>aotional  Integral  is  expressed  through  the  equation 

l^(x,b)  ^f(t)H(b«-b)|X  j  .  (2.20) 
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It  can  also  ba  w^raaaad  In  tanu  of  tha  RlaBMnn«<Id.airrilIa  f^aotlonal 
tntagral  throoch  tha  aquation 

lj(x»b)  ■  ^f(b--t)|  a  -  xj  (2.21) 

Sana  arltara  also  uaa  tha  notations  K^f  (x)^  X°f  (x)  to  danota  ^^{f(t)}x}  . 

Tha  only  tsbla  of  Vtiyl  fii'aotlcnal  Intagrals  appears  to  ba  that 
given  by  Brdalyl  (195U),  ?ol.  II,  pp.  201-212. 

Corraspondlng  to  aquation  (2.1l)we  have 

{l*>-(f|x)if{  - - i - r  e^^^dxf  f(t)(tHx)®^^dt 

2nP(a)J~^  Jx 

■“feL  •  pwL 

shoeing  that  tha  exponential  Fourier  transfom  of  a  Weyl  firactlcnal 
integral  Is  glvan  by  tha  aquation 

f  S  i  .  a’  5  ^[f (x)|  S}  (2.22) 

Letting  o-aO  in  this  aquation  we  find  that  ^^’}2}'o(flx)l  jJ  “  .?'^f(x)|  fj 
suggesting  that  we  adopt  the  convention 

f(x)- 

^  ^||te  ^r^wa. 

In  this  aaetlon  we  shall  consider  tha  properties  of  a  pair  of 
qperators  which  are  so  closely  related  to  operators  dlsoussad  by  A. 

&rdelyl  and  H.  Kobar  that  it  seams  appropriate  to  call  them  Brdalyi- 
Kobar  qperators. 

3»1  Definitions I 

The  operstora  I^  ^  and  ^ 


are  defined  by  the  formulae 


(3.1) 


fo 

I  t (x)  -  5^2  f  *(»*-  *2)“^  fW*.  (3.2) 

>‘  (’(«)■'* 

if  Rs  a  ;r/0  and  Rai^  >  •i. 

It  is  possible  to  extend  simply  the  results  of  Erdelyl  (19U0)  to 
InTsstlgste  the  olsss  of  Amotions  to  which  ^  ^f  belongs  if  f(x)  belongs 
to  but  w«  shell  not  discuss  this  problem  here. 

It  should  be  noted  that  so  far  we  are  restricted  to  a's  for  which 
Re  a  >  0.  We  shall  also  consider  only  real  Taluas  of  a  and  and  retuni 
liatir  to  the  problem  of  defining  the  operators  when  a  ^  0. 

These  operators  are  closely  related  to  the  Riemann-Llonwllle  and 
the  Weyl  firactlonal  integrals  introduced  in  $  2.  For  Instance  it  foUows 
immediately  from  the  dafinition  (2.9)  that 

r  ** 

SLc  b’’  ■  7TW 1 0 


Li  this  way  we  establish  the  relation 

I  t(x)  -  x-2'^7  [t’  f(ti)j  :c»}  (3.3) 

Similarly  we  have  the  relation 
TB- ,  f(ti)i  x»]  -  pTST  L 


11 

E 

y 

y 

1! 


-  u  - 

Bern  partloolar  omm  ar*  of  intarest.  If  wt  lat  a-aO  sad  aaka 
QM  of  th«  oqiutlAi  (2.12),  (2.23)  wa  mo  that  the  oATAtlA 

I^Qf(x)  -  f(x),  K^of(r)  -  f(x)  (3.5) 

li  MToly  a  reatatanant  of  the  oATintlA 

Jto  (f(t)i  X)  -  f(x),  {f(t)|  x)  -  f(x). 

Farther,  if  we  pot  t)  "  0  in  aquatlAS  (3*3)  and  (3.U)  wa  obtain  the  rela- 
tlona 

Io,.<W  («**).  X*)  ,  K„  „f(x)  ■»  X*)  . 

(3.6) 

Beoauae  of  the  relations  (3.3)«  (3.U)  it  ia  a  simple  matter  to  use 
the  tables  in  Brdelyi  (1951*)  to  calculate  I  f(x)  and  K  f(x)  for  any 

T),0  TT.,o 

preaoribed  functiA  f(x).  For  example,  if 

f(x)  -  x2P(x*  ♦  e»)Y 

then 

t’l  f(t»)  -  t^’’  (t  ♦  c*)^ 

Na,  tran  Atry  (9)  a  p.  186  of  Vol.  II  of  Erdelyi  (1951*),  we  knw  that 
if  o  >  0,  p  ♦  T)  ♦  1  >  0,  thTO 

a?_ftP*’\t+o*)Y|x?  ,  o^x**'^  F  (-  y,P+t1*1j  a«-p+Ti+li  -  •^) 

®‘*  *  r(a*p4Ti^l)  6* 

if  |arg  x/c*  I  <  ir.  It  foUwa  immediately  frA  equatlA  (3*3)  that  for 
this  f(x) 

F  (-  y,  p+ tj+Ij  ofp+ ri+lf  -i^) 
r(atp+iT*’l)  ^  ^  c* 

if  I  arg  x/c  I  <  iff. 

It  is  oftA  a  simple  matter  to  calculate  I  f  directly.  For  example, 

T),0 

since 

r^x.-  ..j-i  au  .  i  rc) 

Jo 

it  f olloffs  that 

^T,,a*pV*l'  •••*  V  ^1’  •***  V 

“  /( a? n p+lVl ^*1* * •  • » «p*  bj^,...,bq,a4-Ti4>li  x*) 

(3.7) 
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iilMrs  dnoiM  •  gciMrallMd  tagrparftcMtrlo  fnnotien. 

3«2  ftfoPTtlti  of  tin  «>T«fcc(r8» 

Ife  shall  now  darlva  tha  basic  properties  of  the  operators  I, 


end 


assuming  for  the  moaont  that  a  ••  0.  (Ms  oannot  do  othenrlse  since 
we  have  not  yet  defined  the  operators  for  negative  values  of  a). 

Slnoe 


tvo 


c2P  (x*-  u»)“-l  u2(t,  ♦  p).l 


we  have  the  relation 


^0,.  <’-®> 

If  we  write  down  the  expressions  for  ^  and  that 


W 


Interchanging  the  order  of  the  Integrations  and  evaluating  tha  inner  integral 
by  means  of  equation  (l.l)  we  find  that 


^  o^+a  b'  "  f*  (x»-  v»)®*P^  f(v)dv  -  I 

'Vi,o'V|+a,p  p  /j^gx  Jq  1 


(o^p) 

so  that  we  have  the  product  rule 

T  T  ■I 

Ti,a  Tj*o,p  Tj,a^p 


•t|,o»P 


(3.?) 


There  are  oorresponding  rules  for  Slnoe 

K  x^Pf(x)  ■  x^P  r  (u“-  "  p)-2a«'l 

’I*®  r(o)  Jx 


we  see  that 


\a  ''''W  ■  S«,.  «»>• 


(3.10) 


-13  - 


Also,  slaos 


*Tfo,p 


t(x) 


-  f  "(u..  odu  r  '  (T--  u«)<«  y-2’’ 

r(o)r(p)  Jx  ‘^u 


m  find,  en  Intorchanging  ths  order  of  the  intograticns  and  making  uso  of 
aquation  (1*2),  that  this  rapaatad  Integral  Is  equal  to 

f  '  (,».  **)«^  T-*”  f  WdT 

r(»p)  ■'x 

ahowlng  that 


*Tj,o  *  \a+p* 


(3.11) 


3.3  Definitions  for  negative  a. 

The  results  we  have  just  established  suggest  the  manner  In  idileh  we 
should  define  the  operators  and  for  a^O. 

From  the  results  (3.9)  and  (3.^)  we  have  fomallr 


Va,-.  *  W  • 

This  suggests  that.  If  a  <  0,  we  define 

I  ■  I,,.!  (3.13.) 

to  be  the  solution  of  the  integral  equation 

Similarly  the  equations  (3*11)  end  (3.5)  suggest  that.  If  a  <  0,  we  define 

h  -  (3.U,.) 

to  be  the  solution  of  the  integral  equation 

V.,-.  ^  <3.iJ.b) 

The  equation  (3*12)  oan  also  be  used  to  give  us  the  inverse  of  the 
3^  ^  operator}  we  have 

'3-«> 

Similarly,  we  have  the  relation 


(3.16) 


-  lu  « 


Wk  now  iatroduee  the  operetor 


(3.17) 


to  obtain  relatione  fron  which  we  derive  fomulae  by  neane  of  which  we 
may  calculate  1^  ^  and  K,^  ^  idien  a  <  0. 

Qy  the  definition  of  the  ^  operator  we  have  that 

\a  X) 

r(a)  ^0  * 

Applying  the  formula  for  integrating  by  parte  we  find  that  the  Integral 
on  the  right-hand  side  of  this  equation  becomes 

{I(x*-t»)“-^  i  t^^''  f(t)]o 

r(«) 

♦  (0-1)  [*(*».  t^”***!  f(t)dt) 

Jq  ' 

■  X-®  f  ^x•.  f 

r(«-i)  Jo  ' 

ehowlng  that 

If  we  repeat  the  process  n  tines  we  obtain  the  relation 

lt-2  ”-1  &;  f(t),x  1-  x-2"  *  *  f(t),x  ).  (3.18) 

Making  the  substitution  a  ■  n,  replacing  t)  by  t)*  n,  and  making  use  of 
equation  (3*5)  we  find  that  this  result  can  be  written  in  the  form 

t*”*’*^  f(t),x) .  *f(x) 

andaising  the  relation  (3«15)  we  have  the  relation 

I  x*^-2’'  ♦  *  f  Cx)  -  x2”-2’l  X^”**  *1  f(x).  (3.13) 
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Potting  V"  2y)->2ni  ws  obtain  tha  laportant  partloolar  oaaa 

f(x),  n  >  0.  (3.20) 

If  we  replace  ribyTi-t-a,  aby-a  and  v  by  2a  2t)  in  equations 
(3.18)  we  find  that 

V.,-  <*■*'  \«>  «*» 


■  ='■*’  «*>J- 

Using  aquation  (3.8)  we  see  that  the  right-hand  side  of  this  equation  is 
eqtial  to  f(t),  which,  by  equation  (3.12)  is  equal  to 
f(x).  Renee  we  find  that 


^♦o,— a  ''X 

which,  as  a  consequence  of  equation  (3.13)  ean  be  written  in  the  form 
I  „  f(x)  -  x-2n  -20-1  ^2n*2a^2n  ♦!  j  (3^21) 

The  special  case  in  which  -1  <  a  <  0  is  of  sosw  inportanoe.  Then 
we  take  n  -  1  and  obtain  the  expression 


f(x),  0>  O  >ml 


Inserting  the  expression  for  ^  ^^^f(x)  we  find  that 

'h  r  f(o)«io,  -1<  o  <0.  (3.22) 

r(i  ♦  o)  “'Jo 

We  have  similar  results  for  the  operator  For  example,  corresponding 

to  equation  (3.18)  we  have  the  result 

'tv.  ’■  S,«>  r(.)  )  (3.23) 


Replacing  r|  byT)-n,  abyn  and  vby2n-2r)‘*’lwe  find  that 

Vn»n  fW  )-  (-1)”  f(x), 


16 


a  rasult  irtiioh,  baoauoa  of  aqittatlaa  (3.16}  aajr  b«  vrlttw  in  th«  form 

f(x),  n  >  0.  (3*2li) 

Finally  wa  have  the  formula 

■  W>”  ='^’’  '.i-n.a*!.  '<*>•  "  »  (3-25> 

which  can  be  used  to  evaluate  K  f  idien  a  <  0  and  n  ie  a  positive 
Integer  such  that  0  <  o  ♦  n  <  1. 

3«$  Firaotional  Integration  by  parts. 

This  Is  the  name  given  to  the  formula 

xf(x)I^^^  g(x)dx  -  xg(x)K^^^  f(x)dx  (3,26) 

deirlved  by  Brdelyl  (19U0)* 

The  proof  is  straightforward.  We  have 

r  xf(x)I  „  g(x)dx --2—  r  "2®  f  (x)dx  r  (xa-ta)®*^^  ^^g(t)dt 

Jq  r(tt)  J  0  '^0 

f  "  g(t)dt  f  *  (xa-  ta)®"^  x^“2ti 

r(o)'^o  ''t 

proving  the  result. 

U.  Modified  Operator  of  Hankel  Transforms. 

In  this  section  we  shall  define  a  modified  operator  of  Hankel  transfonns 
closely  related  to  that  introduced  by  Erdelyl  and  Kober  and  discuss  some  of 
its  properties. 

1^,1  Definition  and  Inversion  Theorem. 

The  Hankel  transform  ^ytf(t)}  x}  or  orderVof  a  function  f  is  defined 
by  the  equation 

f(x)  ■ft(;,|f(t)|  x|  -  tf (t)J^ (xt)dt.  (U.l) 
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tha  Hnkal  InTartHon  thaoaran  va  hava  that 


f(t)  -  )  .  (U.2) 

Hh  dallna  tha  modlflad  oparator  of  Hankal  tranaforma,  hgr  tha 

foxmla 

8^^^f(x)  -  2*  X-®  J*  t^-“  f(t)J2^+o(*t)dt,  (U.3) 

« 

BO  that 


Applying  the  Hmkel  inversicn  theorem  we  find  that 
t-“f(t)  •  ^  > 

so  that 

«*)  ■  V<..-<.'®rfca  'W:  *> 

from  which  It  follows  that 

^o,-a  ®ii,o  " 


where  I  Is  the  Identitj  operator.  Hence  the  inversion  theorem  for  the 
modified  operator  of  Hankel  transforms  can  be  written  in  the  form 


iT+o.-a 


(U.5) 


li,2  Relations  between  the  modified  operator  of  Hankel  transfonna  and 
the  Erdeljri-Kdber  operators. 

Between  the  Brdeljrl-Kober  qperators  of  fractional  integration  on 
the  one  hand  and  operators  of  Hankel  transforms  on  the  other  we  have  a 
set  of  interesting  relations. 


*In  ealcuLatlons  involving  these  qperators  it  is  sometimes  convenient 
to  use  equation  (U.U)  in  the  form^fp  {t‘*f(t)ix 
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For  Inttanee,  trm  tta«  daflnltioni  of  th«  oporatoro 
^  m  find  that 

^♦Ojp 

-  5E±±±I  f  *  (x^  ♦I  2“  u-  f  ’  7^-“f  (y) 

r(p)  Jo  >^0  ^ 

Intaz^hanging  tha  ordar  of  the  Intagratlona  wo  find  that  this  integral 
ia  aqual  to 

r  *  r(rwf  *  (,..  ’>‘1  , 

r(p)  Jo  JQ  ^ 

The  inner  integral  ia  Sonine's  first  Integral  (1*U)  so  that  the  repeated 
integral  reduces  to  the  single  Integral 

j«.p  ^  /-«-P 

which  is  merely  ^  ^  established  the  relation 


I  S  »  S 
ti+OjP  iT,a  “njO^p 


(U.6) 


Li  a  similar  way  we  haTs 


(uy)da 


The  inner  integral  can  be  evaluated  by  means  of  the  formula  (1«6)  and  we 
find  that  the  repeated  integral  has  the  valua 

j<»P  ,-«-P  fj  ^-«-P  ■  s^,„pi«. 

showing  that 

S,o  Va,p  "  ^,««-p* 


-  x>- 


Torthtry 


f(x) 


The  imar  integral  can  be  evaluated  by  means  cf  equation  (I.3)  and  we 
find  that  the  repeated  integral  is  equal  to 

'  u»)“*P-^  f(u)du. 


that  is,  to  I  ^afCx).  Hence  we  have  ahcwi  that 
^»«*P 


V«»P  ®T),o 


iU,8) 


There  ia  a  similar  formula  for  the  product  ^  ^  ^ 

case  we  have 


%,a 


.2<**Px-«J^  3^"®^  J2T^♦a^*y)J2T,♦2«♦p^'^)'^• 

Again  using  equation  (l«3)y  but  noting  that  here  the  roles  of  x  and  u  are 
interchanged,  we  evaluate  the  inner  integral  to  get 

(»•-  x*)***^'  rWd.  ■  t(x) 

for  the  repeated  integral.  other  words  we  have  shown  that 

®T),o  V®»P  "  *^n»«^P 


Ftom  the  definition  of  the  operators  involved  we  see  that 


•  20  • 


-  2P  x-f  /^*  («)dt .  I  (»*-  *"«’>)'*> 

-  2*^  *-^  /^’  («)fWda. 

on  eT«lu«tlng  the  inner  integral  b7  means  of  equation  (1.6).  This  last 


integral  is  shoiwn  that 

V«»P  ^■n»«  "  ®T),a«-p' 

Pjr  a  similar  process  we  can  show  that 


®T),a  V«»P  " 


(U.IO) 


(ii.n) 


Written  in  terms  of  the  operator  of  Hankel  transforms  34*  y  these 
last  two  equations  take  the  fonns 

'^■n+2o*-p^*  ^  "25  ^  )  (U.12) 

^2t,*o  f(x)lC)  (U,13) 

respectively* 

PartlcTiLar  cases  of  these  results  are  of  some  interest  in  the  solution 
of  boundary  value  problems  Icf.  Sneddon  (1962)]. 

If  ue  put  a»^*p''0f  r)"»^in  (U*12)  and  make  use  of  the  fact 
that  since 

co8(5x)  -  (iitgx)*  (5x) 

the  Fourier  cosine  transform  of  a  function  may  be  written  as 


<f(x)|5  )  -  f(x)U)  ,  (U.] 


we  find  that 


<rw;s)  , 


(U.15) 


f(p)  -  2-*i  i  4«p)  -  if  f "  •  a-i^) 

»  '•  *  Jo  v^p»-  x») 

Slmllarljr  if  ii«  put  o--i,  T)"01n  (U*13)  we  find  that 

^<f(p);«>  -  K'^foiHx);K)  ,  (U.17) 


If  we  put  a"i,  P“0,  T)«01n  (U.12)  we  find  that 


(j(p)i« >  -  {?(*)» 5 ) 

(U.19) 

idinre 

.(p).rH,i«p,.yr/;^, 

,  (Ji.20) 

end 

(f(x)l  €)-  (x‘‘^f(x)K} 

(U.21) 

l8  the  Fowler  sine  transform  of  f(x). 

FinaUy  putting  o"P“i,  Tj»01n  (U»13)  we  find  that 

^  {f(p)K>  * 

(U.22) 

where 

hw-2-ii^,i«x).yrx/^  7v(^- 

(U.23) 

5*  Sonina,  operators 

Ke  shall  now  Introduce  two  operators  idiose  two  main 
properties  we  shall  derive  'b7  using  Sonine's  second  Integral.  For  that 
reason  we  shall  oall  them  Sonine  operators. 

We  define  ^  equations 

t’^^  I^{  kV(x*-  t*)}  (x*-  t*)^®  f(t)dt,  (o  >  -1) 

(5.1) 

f  ’  t^"^  J^{  k  v^(t»-  X*)  )  (t»-  x»)*®  f(t)dt.  (o  >  -1) 

(5.2) 

V(p*  -**) 


(U.18) 


«  22  « 

'  Ik'OB  ttkiM  dAflaltlORB  W  hKf 
^  -  k)|t> 

-  J*  Jp  tk  y/(x*  «  t*)  }  (x*  -  t»)^P  dt  <p(5)y  «t)d« 

"  4"  ^ 

SvBluatlng  the  inner  integral  hgr  means  of  equation  (l»9}  we  find  that 
this  repeated  integral  takes  the  foam 

kP  ♦(«)(  C*  -  k»)“iP“  ^  {x  v'C  «»  -  k*)}  d5 

If  we  change  the  variable  of  Integration  to  -T’-V'C  5  *  -  k*)  we  find  that 
we  obtain  the  imsult 

{  «‘'V(«)H(«  -  k)|t}  ■  k^  T"\T®+k»)^^^^^^^<l»Iv1[T*+k*)]jxK5.3) 

with 

X  »*  p  ♦  ji  ♦  1  (5,U) 

Similarly  we  can  shew  that 

gf"  f  »(«)it. )  -  k‘  (t*”*'  »I V (x»*k»)],x ) 

(5.5) 

where 

r  «  6  -  v+  1  (5.6) 

We  have  so  far  defined  these  operators  only  if  a  >  -1.  If  a  <  -1  we 
define  them  in  the  follcwlng  way.  Since 

’k  Vl 

it  is  easily  shown  that  if  a  >  >1 

•Ec4c  ^,afl  ^ 

and  if  we  repeat  the  process  n  times  (where  n  is  a  positive  Integer)  we 
have  the  relation 


(5.7) 


This  rslstlon  svcgssta  ths  dsflniticn  of  for  a  <  0.  Vs  choose  s 
positive  ixitsgsr  n  such  thet  n  -  1  <  <  n  and  define 

^,e 

SinLlsrly  ee  ere  led  by  the  relation 


n  ^  v),fle*^l  ^T)»o 
to  define  ^f  for  a  <  •>!  by  the  equation 

*^0  •  (E  -  1  <  -«  <a)‘ 


(5.9) 


^  -  of  Tltehii^rti  Type 

Dual  Integral  equations  of  the  type 


f  <p(«)J^(x  5)d5  -  F(x),  0 


<  X  <  1, 


e(OJv  (x«)dC-  0(x), 


X  >  1 


(6.2) 


were  first  discussed  systenaticaliy  by  Titchmarsh.  Although  Titchmarsh 
discussed  only  the  case  in  which  ti  >  v  and  0(x)  ■  0  it  iv  eppz^^riate  to 
describe  the  equations  (6.1)  end  (6.2)  as  being  of  Titchmarsh  type.  If 
we  make  the  substitutions 

<P(0  -  «+(0,  f(x)  -  2*^“  x'2®  F(x),  g(x)  -  2*2p  ^-2P  (^^3) 

we  see  that  equations  (6.1)  end  (6.2)  may  be  written  in  the  operator  form 

^v-p,2p'*'  " 

where  the  function  f  (x)  is  prbscrlbed  on  ths  interval  I^"{xt  0-x<l} 
and  the  function  g(x)  is  prescribed  on  the  interval  1^  ■  (xt  x>  1). 

Ve  shall  find  it  convenient  to  write  any  function  f  (x)  defined  cn  the 
positive  real  axis  as  a  sun 

f(x)  -  fj^(x)  ♦  f2(x) 

where  f^(x}  is  defined  by  the  equations 


•  2U  • 

fOt),  X 
Of  X  t  Ig, 

and  f2(.x)  by  the  equatloiB 

0,  X  e  I 

f(x),  X  elg. 

In  the  problem  we  have  poeed  we  may  say  that  f^(x)  and  g2(x)  are  known 
but  that  f2(^)  kncwn. 

Vfe  shall  now  dlscuee  some  of  the  methods  of  solving  the  pair  of 
equations  (6.1)  and  (6.2). 

6.1  Patera*  Solution. 

If  we  Introduce  the  nundber 

X  -  i(ii  ♦  v)  -  (o  -  p)  (6,5) 

then  it  follows  from  equation  (U,6)  that 

X  •  p  ^tw»,2o  "  X-p+2a 

Similarly  from  equation  (U,?)  we  have  the  relation 

-p,  v-X^  v»p,2p  X"P'*’2a 

It  follows  immediately  from  equations  (6«U)  that  if  we  define  the  function 
h(x)  by  the  eq\utlons 

.-X 

then 

X  •i*»2o'*^  "  ^ 

so  that 

♦«>  -  C., 

Using  the  inversion  fommla  (U»5)  and  reverting  to  the  original  variables 
by  means  of  equations  (6.3)  we  find  that  the  solution  of  the  equations 
(6.1)  and  (6.2)  can  be  written  in  the  form 

»<«)  ■  «  \  X.  .-2P  »(«) 


(6.6.) 


*  25  • 

irtMre 

hi(0  ■  2'*  ^  V«> '  Wf.  v-x 

Paters*  solution  [Pstsrs  (1961)]  oonresponds,  in  oar  notation,  to  the 
valoss  a  ■  -  itt,  ^  ■  0  in  lihioh  oeee 

X"i(p^v*(D).  (6.7) 

In  this  osne  equation  (6.6a)  can  be  written  in  the  form 

<1.(0  -  2^"''  ^  ''h2(t)J^(ft)dt], 

(6.8) 

wbere  X  is  given  by  equation  (6.7)  and  the  functions  h^(t),  h2(t)  are 


given  by  the  equations 

V‘>  x-u ■  VK  ».« 

We  can  evaluate  the  I-integral  by  means  of  equation  (3.1)  provided  that 

X  >  p  >-l  (6,10a) 

and  the  K-lntegral  by  means  of  equation  (3*2)  provided  that 

II  ♦  <a  >  -1,  V  >  X  ,  (6.101b) 

When  these  conditions  are  satisfied  we  have  the  expressions 

jjl-o.  v>2«  ft  . 

-  ■■  I Q  ,  (6.11) 


^2<^^  "  4"^*^  -  t»)''-’^-^T^"  '’0(T)dT  , 

for  the  component  parts  of  the  function  h(t). 

When  the  conditions  (6.10)  or  (6.11)  are  not  satisfied  the  equations 
(6.6)  still  furnish  a  solution  of  the  dual  Integral  equations  but  the  1- 
and  K-fractional  integrals  have  to  be  inteipreted  In  the  manner  outlined 
in  ^  3.1.  We  shall  not  consider  the  procedure  since  it  will  be  illustrated 
below  idien  we  discuss  Tltohmarsh's  solution. 

6«2  Titohinarsh*s  solution. 

Tltohmarsh's  solution  [of.  Tltohmarsh,  (1937),  P«  33ii]  is  essentially 
the  solution  (6.6)  in  the  case  irtisn  p  ■  v,  ^  -  0  so  that  the  pair  of  dual 
integral  equations  under  consideration  is 


Jq  ^ 

f*  <p(C)Jv  (Cx)« 

jQ 


1 

1 

'  F(x), 

X*  Ij, 

(6.13) 

•  0(x), 

X  .  Ij. 

(6.1U) 

If  we  put  ^  p  ■  Of  X  -  v-a  Into  equations  (6.6)  we  find  that  the 
solution  of  these  equations  is 

«p(«)  ■  2”®  5^*®  f  f  ^  t^*®  h^(t)J^^(5t)dt  ♦  f  h2(t)J„  jj(5t)dt  . 

t  °  ^  (6.15) 

vhere  h^(t)  and  h2(t)  are  given  by  the  equations 

h^(t)  -  2^“  t“2»  3^^  h2(t)  - 


In  the  coeqputation  of  h^(t)  and  ^^^(t)  two  cases  must  be  distinguished 
according  as  a  is  positive  or  negative. 

Case  (i)t  £  <  Ot  Ue  suppose  that  n  is  the  smallest  positive  Integer  for 
which  n  >  HX.  If  a  <  Of  then  by  equations  (3*l)  and  (6.16)  we  have 


5l*2o -V  -t  . 

h^(t)  -  (t»  -  v»)-®-^  F(r)dr  ,  (a  <  0,  v  >  -i) 

end  by  equations  (3*25)  end  (6.16) 

h2(t)  ■  j  t  J ’  (t*  -  t»)®*““^  «t^-''0(T)dT  . 

Substituting  these  expressions  into  equation  (6.15)  we  obtain  the  solution 
»<«>  ~  (t*  t’"  P(T)<LT 

*  Ha  C  r  t /■  (^-  T^-lKTjdT 

0 

(6.17) 


valid  for  -n  <  a  <  Of  v  >  -i. 

In  the  special  case  in  which  Q(t)  -  0  we  obtain  the  expression 


Q(ts)d>:, 

(6.18) 


valid  for  a  <0]  this  is  Tltohmarsh’s  solution. 


Tn  th*  oim  la  irideh  f (t)  ■  0  gad  -I  <  a  <  0  wt  flad|  on 

putting  F(t)  ■  0,  a  ■  1  In  afoatlon  (d.!?)  that 

9(5)  ■  ••  f  t'*^  f  T^"'^(T)dT  . 

°  *  (6.19) 

This  Is  ths  fozTn  of  sdlutlan  obtsdned  by  Nobis  (19^8),  Nilllans  (1962) 
sad  Loirsngrttb  sad  Snsddon  (1962). 

Csss  (11)  t  a>0«  lfn>a>0  ths»  by  squatlons  (3*21)  and  (6.16)  we 

P(T)dT 

Also  using  squstlons  (3.2)  sad  (6.16)  we  have 


Substituting  thsss  s]q>rsB8ion8  into  squsticn  (6.15)  «s  obtain  ths 
solution. 


9(C) 


:i+a 


Tin" 


^  '^V-a^  Ct)dt^  J  t  /^*(t*-  T»)"”°"^  T'^^(T)dT 


(6.19) 

Ths  spscial  oass  0  <  a  <  1  is  of  intsrsst.  Patting  n  ■  1  in  aquation 
(6.19)  ws  obtain  ths  solution 

•<«>  ■  //■’  *“  '-«<«  *>*  w  *'■*“**  (1-  «•)“  *>« 

*■  /j  C  I?- 1)*^  K'  oft:  t)di: 

^  (6.20) 

Sines 

i  tt-  d,^(«  t)]  -  -  «t-  •«  «t) 


ws  find  on  intsgrating  by  parts  in  the  first  term  that  if  2  s  v  >20  >  0 


.  26  . 


»<«>  -pnlS  j«‘'*  W«>  Jo  *'‘*’'* 

♦  f  ^  a  -  £*)••  41!  (  «»)*•“  J^i(  «t)F(st)dtj 


*  *  4  '’v-o<  /j  («’ - 1)“"^  i:"’'*^  o(st)du 

(6.21) 

If  we  put  0(t)  -  0  In  this  equation  we  obtain  Busbrldge's  solution 
[Buabrldge  (1938)].  On  the  other  hand  If  we  put  F(t)  ■>  0  in  equation 
(6.l1)  we  get  the  solution  derived  previously  by  Noble  (1955)*  Williams 
(1962)  and  Lowengrub  and  Sneddon  (1962). 


6»3  Noble’s  Solution. 

Noble  (19$8)  gave  a  solution 
namely  of  the  equations 

.-.,2.  ♦<'>  ■ 

^  V’^)2p  "  fC*)i 

which  is  based  virtually  on  the  si 


the  equations  (6.U)  with  ti  ■■  v« 

X  e  I. 

^  (6.23) 

X  e  I2 

computation.  Since 


v+o,p<Mi  ^  v-a,2a  va,a»p  ^  v-’Pi2p 

(both  being  equal  to  S^  ^p)  we  can  write  the  equations  (6,23)  in  the 
form 

♦o,p-o^  “  *4  v-o,a^p® 

or  in  the  form 

*^4  v-o,«h*p  *1  "  ^4  v+o,p-o  ^2  "  *1  (6.2U) 

where 

*1  “  ^4  v+o,p<-o  ^1  "  v-o,a-p  82*  (6.25) 

Now  it  will  be  recalled  that  f^^  and  gg  are  prescribed  functions  but  that 
fg  and  g^  are  not  knosn. 

If  we  evaluate  equation  (6.2U)  on  I^  we  obtain  the  integral  equation 
*4  v-o,a-p  *1  "  *1*  *  *  ^1  (6.26) 


29 


lAioh  dttcndJM*  g^.  Hmo*  |  *  +  g2  i*  oa>vl«t«3jr  drUminsd  and 

magr  b«  bbtainad  by  naani  of  (U*5)  in  tha  form 


(6.27) 


On  tha  othar  hmd,  if  wa  evaluate  equation  (6.21;)  on  I2  we  obtain 


tha  integral  equation 


f«  “  t  *  *  !/■ 


V  ♦o,p-a  ^2  ■*!» 


(6.28) 


by  meana  of  iddch  we  may  determine  f2«  Hence  f  -  f^  '«■  f2  ia  completely 
datermlned  and  %  miy  be  found,  fircm  equation  (U*$),  in  tha  form 

To  lUuatrate  tha  method  we  ahall  conaidar  two  apeclal  caaeat- 

Caae  (i)t  0  <  o  <  1,  p  *  0» 

In  thla  caaa  equation  (6.26)  takea  the  form 

^  v-a,o8l-*l»  **3:, 

which  la  equivalent  to 

f  \t‘  -  x*)*-!  -  i  r(a)x2“-’'  d^Cx)  (6.30) 

*L<*>  ■  'iW  -  «2(»> 

•  *  4  liv  ».,l^  ,^,a  «2W 

•  4  <>2  W 


220-1  -1  d  ^2 


52®  w**v  —1  j  r  ^  1 

f  .)  44  (*•  - 

-f^/*  (x*-**)'"  OjWdu.  0<x<l.  (6.31) 


^|v,l-a  *1^*^  “  *1  v-o,a  ®2^*^ 


30 


HWttng  doim  ttM  •oltttloBi  of  ognatlon  (6.30)  by  Mans  of  tho  fonrola 
(2.17)  na  find  that  If  0  <  a  <  1 

«i(t>  *  -h^  ’*(,.  1  o  ‘  1 

From  aquation  (6.27)  wa  than  hava  finally  that  the  aolution  of  the 
dual  Integral  aquationa 


f  a(«)J«  (  5x)d  5  -  F(x),  0  <  X  <  1 

'^0 

/*  a(OJv  («*)<i«  -0(x),  x>l 


(6.33) 


(0  <  a  <  l)  is  given  by  the  fonaula 

a(5)  -  C  tg3^(t)Jv(  «t)dt  +  5/^  t02(t)J^(5t)dt  (6.3U) 

>rtiere  g3^(t)  ia  given  by  equations  (6.32)  and  (6.3l)« 

Case  (ii)t  o  -  0,  0  <  b  <  1. 

In  this  case  equation  (6.26)  takes  the  form 

^^v,p  ^2^*^  '  X  e  Is 

>diich  is  equivalent  to 

f  *(x»  -  t*)^^  fa(t)t^P‘*'^  dt  -  -  i  rO)x^^'^*^(x),  x>  1  (6.35) 

1 

with 

♦3_(x)  -  Ij  v,-p  *2 


H  ..d  '1  -  ^  v.p,-p  o- 


X  >  1 


^  .,p  '1  -  “<">  > 

^  J  (x*  -  u*)^^  u''*^  F(u)du 

(u*-  x*)"P  u^*''  0(u)du,  (x  >  1)  (6.36) 


Th«  solution  of  ths  lAtsgrsl  equstlcin  (6*35)  oaa  bs  dsrlvsd  bjr  nesns  of 
equation  (2.16)  la  the  fom 


From  equation  (6.29)  we  have  finally  that  the  solution  of  the  dual 
Integral  equations 


f  -  F(x),  0<x<l 

'Jq 

f  «p(OJ  (x  K)^K  "  0(x)*  X  >  1 

'JQ 


(6.38) 


(O  <  p  <  1)  is  given  by  the  foimula 

»(0  -  €  /  tP(t)J^(  ct)dt  ♦  5  r  tf-(t)J  (  gt)dt  (6.39) 

where  f2(t)  is  given  by  equations  (6.37)  end  (6.36). 

6«lt  Oordon-Copson  Solution. 

The  solution  of  Gordon  (1951)  or  Cppeon  (1961)  is  obtained  if  we 
regard 

♦  ■‘^v+p,-a..p^  (6.UO) 

as  a  trial  solution  of  the  pair  of  equations  (6.23)  with  unknown  h. 
Substitution  of  the  form  (6.^)  into  the  first  pair  of  equations  (6*23) 
yields  the  result 

^  "  ^V-o,2a  ^  v*p,-ow.p  ^  v+p,a..p  (6.Ul) 

by  (U.8).  This  is  a  functional  equation  for  h  from  irtiich  h^^  may  be  found. 
Similarly  we  can  derive  the  equation 


*  ’  ^  ''-P,2p  %  v+p,-a.p  -p,p-a  ^ 


(6.U2) 


for  the  determination  of  h^. 


Case  (i)i  o  >  p. 

In  this  case  h^  is  determined  by  the  integral  equation 
(x»-  ua)®'^’^  u  '’*2P+1  .  I  r(aNf)x2“*'’  f(x),  x  a  I^^  (6.U3) 


(6.U5) 


-  32  •• 


irtiila  h2(z)  la  glvan  (as  a  reault  of  (3*16)  in  tha  form 

■  ‘i  «<’■>  *  • 

Taking  equationa  (6.3)  into  account  ira  ase  that 


hgCx)  -  2^^  x-2P  v-a*p,a-p  0^*^*  *  * 
and  that  equation  (2.16)  Inqtllea  that,  If  0  <  o-p  <  1, 


h^(x) 


22P,-.-2P-1  j  r’‘u*^TMdn 

•TO-  a*7r  $Jo  ■ 


X  e 


(6.U6) 


(6.U7) 


Writing  equation  (6.U6)  in  integral  form  67  meana  of  (3.2)  we  find  that 
hgCx)  “  'TC~J'y7'  f  u"  ^  G(tt)du,  X  e  la*  (6.U8) 


It  follawe  from  equation  (6.h0)  that  if  0  <  a»p  <  1  the  eolutlon  of 
the  pair  of  equations  (6.I3)  and  (6.IU)  may  be  written  in  the  fom 

«P(5)  -  2”*-Pc®*P  r  xl*®*P  h^(x)J^(Cx)dx  ♦  ?x)dx| 

where  h^(x)  and  h2(x)  are  given  by  equations  (6.U7)  and  (6.U6). 

Case  (ii)i  o  <  p. 

In  this  case  it  follows  as  a  sinqjle  application  of  (3.15)  that 


idille  h^Cx)  is  determined  by  the  integral  equation 
J^"(u»  -  x«)P“®-^  u^^2a-v  ^  r(p-a)xP-''  g(x). 


X  6  la 


It  follows  l^om  equation  (3.1)  that 

hjCt)  -  f  *  (f  -  fW*i 

■  TCpVgy  u'’*^  F(u)du,  (0  <  t  <  1), 


(6.50) 


(6.51) 


(6*52) 


I 


and  from  eqnaM.on  (2.17)  that  If  0  <  p-o  <  1* 


Tha  solution- In  the  case  0  <  p-a  <  1  ie  now  glyen  by  equation  (6.U9) 
with  hj^(t)  and  hgCt)  defined  by  eqwticne  (6.52)  end  (6.53). 

^  Du^^lntegvOe^^ 

We  ■>'«n  now  eonslder  two  special  types  of  dual  integral  equations 
occurring  in  diffraction  theory. 

7.1  Peters*  solution. 

Peters  (1961)  has  considered  the  pair  of  dual  Integral  equations 


<P(5)V5  *)d*  -  0  5  X  <  1 

f  (  5*  -  k*)“  <0(5) j„(  5  “  eM,  X  >  1, 

Jo 

irtiich  may  be  written  in  the  symbolical  form 

At,  o^x<i, 


Ml  U*  -  1^*)“  '»»(«)}  *}  "  8W» 


X  >  1. 


(7.1) 


(7.2) 


(7.3) 


(7.1*) 


If  we  operate  on  both  sides  of  equation  (7.3)  with  Pn  ®ake  use 

of  equations  (5.3),  (5.U)  we  find  that  equation  (7.3)  is  equivalent  to 

Sh  {t“(t»  ♦  k*)"  ^  <pI  k»)]|x)  -  hi(x),  0  ^  X  <  1, 

"*  (7.5) 


idiere 


lv^(*)  -  k-*  x"  rj,^!  «*).  0  S  ,  <  1 


kW.tli»g  down  tho  form  of  the  oporntor  ^  ^  oquxtion 

(5.1)  we  find  that 

h^Cx)  ■  k-*  X*  I (x».  ^  (k  1  «»)“ 

°  (7.«) 


Sinllarly  If  we  operate  on  both  eldes  of  equation  (7.U)  with 
v-l  equations  (5*5)  and  (5.6)  we  obtain  the 

equation 

<pI  V(T«+k*)],x)  -  hgCx),  x  >  i  (7.7) 

idiere 

hgCx)  .  k®- X-®  g(x),  X  >  1 


-  k®-'’  x"*  t^-'’  {k  >/(ta^a)>  (t»^®)“^ 

From  equations  (7.5)  and  (7.6)  we  see  that 

{T®(T»+k»)"^  ,pl  V(Ta+k»)]|x>  -  h(x) 

^ere  h(x)  -  h^(x),  0  ^  x  <  1  and  h(x)  -  ha(x),  x  >  1.  Inverting 
(7.9)  by  means  of  the  Henkel  inversion  theorem  we  have  that 

t®(t*+  k*)-^''-^  <pI  V(t*+  k*)] 

-  r  xh(x)J  (x'c)dx 

Jo  "* 

■  xhj^(x)j^(xT)dx  ♦  xh2(x)j^(xT)dx 
Making  the  sbustitution  t-  -  k*)  we  finally  obtain  the  solution 
<p(5)  "  xhj^(x)J^{  X  -  k*)}  dx 

♦  xh8(x)j_^tx  -  k*)}  dx  (7.10) 

where  hj^(x)  and  ha(x)  are  given  respectively  by  equations  (7.6)  and  (7.8). 
The  integrals  defining  hj^(x)  and  h8(x)  will  exist  only  if 

V  >-a  >n  (7.11) 

7»2  Ahleser*8  solution 

Ahlezer  (195U)  has  coxsidered  the  pair  of  dual  integral  equations 


8(t)dt 

(7.8) 

(7.9) 
equation 


0  <  X  <  1 


(7.12) 


f  «p(OJ.(x«)d€  -  f(x), 

•'k  ® 

f  («•  -  k*)*  »(C)J^(xOcl€  -  0,  X  >  1,  (7.13) 

with  -1  <  a  <  1.  These  equatlvis  cen  be  wltteiii  In  the  synbolio  forme 

<p(Oh(c-  it)ix>  “  f(*)»  0  <  X  <  1 

jtk  <I>(5)|*>  "  0»  *  > 

If  we  ect  on  both  sides  of  the  first  of  these  equations  with  the  operator 
.  end  on  both  sides  of  the  second  one  with  the  (^rator  ^  end 

make  use  of  equations  (5*3)  and  (5>5)  we  find  that  these  equations  are 
equivalent  to  the  relations 

^l-a  ^  *  lc»)]|X}  .  k“  x-^*“  f(x), 

0  <  X  <  1,  (7.11*) 

{t®(t*  ♦  k»)“^  <p[  </(«*  ♦  k*)]|x  }-  0,  X  >  1. 
respectively. 

Now,  since  we  have  the  relation 

4  ’^1-a 

we  see  that  the  second  of  these  equations  is  equivalent  to  the  equation 

4  *^■“>(■1-.  (•'*  *  *1  ‘  >^>''='1  ■  “ 

which  nay  be  integrated  to  give 

(t*  ♦  k*)”^  ipl  ^(t*  ♦  k»)]|x}  -  ox*"\  X  >  1,  (7.15) 

where  £  is  an  arbitrary  constant.  Applying  the  Hankel  inversion  theorem 
to  equations  (7. lit)  and  (7*15)  we  obtain  the  solution 

t”^*®(t*  ♦  k*)“^  <p(V  T*  ♦  k*  )  -  c  J  X®  Ji^(x  T)dx 


(7.16) 


-  36  - 


Hew 


x“jj^^(x!T)d  T«  i  [x®J^(<oe)  -  J^(t)1. 


If  -1  <  a  <  i. 


lim  x“  J^(x)  *  O 


and  we  obtain  the  solution 

^-1+o^^a  +  i58)-i  ,p(^^a  ♦  k*)  -  1'^  f(x)  -•!  J^C-c). 

ifrltlng  out  the  operator  ^  ^  w®  obtain  the  solution 

^L. 

T**^‘^®(T«+k»)*^(p(Vc*+k*)  -f  xJjrx)dxf  t1*^I„{W(x*-t*))(x*-t*)*®r(t)dt-^ 

Jq  o  Jq  “  “ 

(7.17) 

If  ^  <  a  <  1,  then  for  tp  to  be  finite  we  murt  have  c  ■  0.  This  condition 
Is  usually  equivalent  to  a  physical  condition  which  is  easily  recognisable. 

8.  Dual  Integral  Equations  with  Qeneral  Weight  Function. 

The  technique  developed  in  $  6  enables  us  to  discuss  the  slightly 
more  general  dual  Integral  equations 


f  n  ♦  k{5)3(>(5)J  (5x)dg  -  F(x),  X  e  I, 

•'  0  “ 

L 


<p(€)J^(«x)d5-  0(x), 


X  c  X« 


Ublch  with  the  substitutions  (6*3)  JMflr  be  written  in  the  fcjrn 


(8.1) 

(8.2) 

(8.3) 


idiere  f^,  g^  and  k  are  kneam.  The  solution  we  give  here  Is  essentially 
that  due  to  Cooke  (19^).  We  again  use 

♦  ■  ^  v.p.-.-p^  (SJ*) 

with  laikncMn  h  as  a  trial  solution.  Substituting  trm  (8.U)  into  (8.3) 
we  find  that 

%  w^,2o  \  v+p,-o-p^  *  ^  ¥-0,20^^  ^ 


(8.5) 


(8,6) 


Using  the  rslntlAs  (1(.9)  Ad  (3*16)  m  obtain  tha  eqnatiA 

detamining  h  a  Ig*  Sraluating  equatiA  (8.$)  a  we  obtain  the 
integral  equatiA 

v+p,  d-^  *  ^  vma,2a‘  %  v4f,-a-p*b. 


(8.7) 


-  f  - 


^  vma,2a^  %  v+pj-o-^*^**  ®  h 


Using  equatiAs  (3*15)  Ad  (U.6)  we  may  rewrite  this  equatiA  in  the  form 


where 


^  ^  v-a.o^p*'  %  v4f,-®.p**l  "  *l  h 

*1  ~  v+o,p-o'  "  ^  v-o,«frp^^  vfp,-«-p*^’ 


(8.8) 


(8.9) 


^  v-Oje+p**  ^  v+p,-a-p^^*^ 

Interchanging  the  orders  of  the  integratiAS  we  find  that  this  integral 
CA  be  writtA  in  the  form 

hj(u)K(x,  u)du 

where  ^ 

K(x,  u)  -  u(i)®*'P  J  tk(t)J^  ♦p-o^**^'^v 


EquatiA  (8.8)  natr  takes  the  form 


hj^(x)  ♦  J  K(x,  u)hj^(u)du  -  ♦j^(x),  x  e  1^ 


idiere  6j^(x)y  defined  by  equatiA  (8.9)»  is  a  known  funotiA  of  x.  The 
problA  is  thus  radAsd  to  the  solutlA  of  a  integral  equatiA  of  the 
NO  Ad  kind  of  IVedholm's  type. 


Tabl«  I 


Etlitloni  Mtliiitd  by  th>  apdi>lyl^toi>w  OpTttori 
and  th«  Modlii«d  Operatof  of  Hankal  Trtpifonm 


*.  (3.9) 

^),o  Va,p  "  *^.«^P 

(3.11) 

T*'^  ■  L 

■  T^O  ^+0,-0 

(3.15) 

S,0  " 

(3.16) 

t(x) 

(3.20) 

I  fW  ■  (-«"  f(x) 

Tj  X 

(3.2U) 

(3.21) 

(3.25) 

^,a  “  ^Tit-Oj-o 

(U.5) 

^♦a,p  ^11,0  "  ®T),«*-p 

(U.6) 

1C  s  ■  s 

T^a  T}«-a,p  iT,a*p 

(U.7) 

V»»P  ^iif® "  ^'n»«^P 

(U.8) 

®n,o  ^iT*o,p  "  *Tj,o«-p 

(1*.9) 

Va,P  ^,«  "  ^»®^P 

(U.io) 

\o  *Vo,p  " 


(it.n) 
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